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Associate and conjugate minimal immersions in M x R 

Laurent Hauswirth Ricardo Sa Earp Eric Toubiana 


1. Introduction 

A beautiful phenomenon in Euclidean space is the existence of a 1-parameter 
family of minimal isometric surfaces connecting the catenoid and the helicoid. 
They are associate. A well-known fact, is that any two conformal isometric 
minimal surfaces in a space form are associate. What happens in other 3- 
dimensional manifolds ? 

In this paper we will discuss the same phenomenon in the product space, 
M X M, giving a definition of associate minimal immersions. We specialize in 
the situations M = H^, the hyperbolic plane, and M = the sphere where 
surprising facts occur. We will prove some existence and uniqueness results 
explained in the sequel. We begin with the definition. 

Let M be a two dimensional Riemannian manifold. Let {x, y, t) be local 
coordinates in M x M, where z = x + iy are conformal coordinates on M and 
f G M. Let cr^l dzp, be the conformal metric in M, hence ds^ = a‘^\dz\‘^ + dt^ is 
the metric in the product space M x M. Let hi C C be a planar simply connected 
domain, w = u + iv ^ Q. We recall that ifXihl—i>MxM, wi—^ {h{w), /(w)), 
w G fl, is a conformal minimal immersion then h : Q ^ (M, cr^| dzp) is a 
harmonic map. We recall also that for any harmonic map h : hi C C —> M there 
exists a related Hopf holomorphic function Q{h). Two conformal immersions 
X = (h, /), X* = (h*, /*) : n —>■ X M are said associate if they are isometric 
and if the Hopf functions satisfy the relation Q{h*) = for a real number 

9. If Q{h*) = —Q{h) then the two immersions are said conjugate. 

In this paper we will show that there exist two conformal isometric minimal 
surfaces in x M, with constant Gaussian curvature —1, that are non associate. 
We will prove also that the vertical cylinder over a planar geodesic in x M, 
are the only minimal surfaces with constant Gaussian curvature K = t). 

One of our principal results is a uniqueness theorem in x M, or x M, 
showing that the conformal metric and the Hopf function determine a minimal 
conformal immersion, up to an isometry of ambient space, see Theorem 4. We 
will derive the existence of the minimal associate family in X M and x M 
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in corollary 8 by establishing an existence result, see Theorem 5. The associate 
minimal family in x M and x M is derived by another approach in [3]. 

The hrst author has constructed examples of minimal surfaces in x M 
and in X M which generalize the family of Riemann’s minimal examples 
of He classify and construct all example foliated by horizontal constant 
curvature curves. Some of them have Gaussian curvature K = —1. This family 
is parametrized by two parameter (c, d) and the example corresponding to (c, d) 
is conjugate to the one parametrized by (d, c) (we refer to the paper [7] for 
more details on these surfaces). The second and third authors, proved that 
any two minimal isometric screw motion immersions in X R and x R are 
associate, see [14]. The second author proved that any two minimal isometric 
parabolic screw motion immersions into x R are associate. On the other 
hand, he proved that there exist families of associate hyperbolic screw motion 
immersions, but there exist also isometric non-associate hyperbolic screw motion 
immersions, see [12]. There exists hyperbolic screw motion surfaces associate 
to parabolic screw motion surfaces (see example 13). 

Several questions arise from this work: We point out the problem of the 
existence of the associate minimal family in M x R, for any 2-dimensional Rie- 
mannian manifold M. Also we may ask in which general assumptions isometric 
immersions must be associate ? 

The second principal result is a generalization of the Krust’s theorem (see 
[6], tome I, page 118 and applications therein) which state that an associate 
surface of a minimal vertical graph on a convex domain is a vertical graph. 
These theorem is true in M x R when the Gaussian curvature Kyi < 0. It will 
not be true anymore by example in x R (see Theorem 12). 

For related works on minimal surfaces in M x R, see for instance Daniel [3] 
Nelli and Rosenberg [10], Meeks and Rosenberg [9] and Rosenberg [11]. 


2. Preliminar 

We consider X:DcR^—s^MxRa minimal surface conformaly embedded 
in a product space. M is a Riemannian complete two-manifold with metric 
/i = (T^(x)|dxp and Gauss curvature Km- First we hx some notations. Let us 
denote |n|^ = o'‘^\v\, {vi,V 2 )a = where |n| and < ^ 1,^2 > stands for 

the standard norm and inner product in R^. Let us hnd w = u + iv conformal 
parameters of D, i.e. ds\ = A^| dtcp. We denote by X = (/i,/) the immersion 
where h{w) G M and f{w) G R. 
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Assume that M is isometrically embedded in By definition (see Lawson 
[5]) the mean curvature vector in is 

2H = = ((Ah)'^"^, A/) = 0 

where h = [hi,hk)- Then h : M is a harmonic map between 

and the complete Riemannian surface M and / is a real harmonic function. If 
{U,(7‘^{z) \ dz\‘^) is a local parametrization of M, the harmonic map equation in 
the complex coordinate z = x + iy of M (see [13], page 8) is 

T 2(log (j o 0 (1) 

In the theory of harmonic map there is two important classical object to 
consider. One is the holomorphic quadratic Hopf differential associate to h: 

Q{h) = (a o hYh,^hu,{<lwY := (j){w){dwY (2) 

An other object is the complex coefficient of dilatation (see Alhfors [2]) of a 
quasi-conformal map: 


Since we consider conformal immersion, we have {fwY = —4>{w) from (see 
[14]): 

\hu\l + {fu? = \hX. + {UY 

(flui hfj ^ -\~ fu-fv 0 

We define rj as the holomorphic one form rj = dz2i\J(j){w) dtc when 0 have only 
even zeroes. The sign is chosen in function of / to have: 


/ 



( 3 ) 


In the case where M = R^, is the Gauss map in the classical Weierstrass 
representation. 

When X is a conformal immersion then the Gauss map N in x R is given 
by (see [14]): 


N 


(fRe^7,flm^,|^?p-l) 
\9? + l 


( 4 ) 


where g : = 



^ I hyj I ( I h^ I -|- I hyj I ) 


We remark that 


9 


2 


hw 

hyj 


( 5 ) 
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Using the equations above (2),(5) we can express the differential dh as follows: 


dh = hyjdw + hujdw = —g — —gg (6) 

2(7 2(j 

The metric = A^| dtcp is given by [14]: 

dsx = + \his\af\dw\‘^ (7) 

Thus combining together the equation we derive the metric in terms of g and 

g-. 


dsx = ^{\9\ ^ + \9\Y\v\‘^ = {\Vd\ + \Vd\ y\(l>\\dw\^ ( 8 ) 

In the case of minimal surfaces X conformally immersed in x R, the 

data {g,g) are classical Weierstrass data: 


X{w) = {h,f) 



The main difference is in the fact that g is no more a meromorphic map in 
the case where the ambient space is M x R. To study g it is more convenient 
for some purpose to consider the complex function uj + i'lp dehned by 


g := (9) 

We will derive some equation for ip in Lemma 9 in term of a;. It is a well known 
fact (see [13] page 9) that harmonic mappings satisfy the Bochner formula: 

Aolog[5j4 = -2iLMJ(h) (10) 

where J{h) = {\hw\^ — is the Jacobian of h with \hw\‘^ = hwhy^. Hence 

taking into account (2), (5), (9) and (10): 

Aocu = —2iLMsinh(2ci;)|0| (11) 

where Aq denote the laplacian in the euclidean metric. With these convention 
notice that the metric and the third coordinate of the Gauss map N are given 
by 


= 4 cosh^ a;|(;/)| I dtc|^ and W = tanho; 


On account of the above discussion we deduce the following: 
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Proposition 1. Let /i : f2 —M 6e a harmonic mapping such that the holomor- 
phic quadratic differential Q{h) does not vanish or so have zero with even or¬ 
der. Then there exists a complex map g = —and a holomorphic one form 
f] = ±2i^/Q{h) such that, with f = Re J r], the map X := {h, f) : Q ^ M.xR is 
a conformal and minimal (possibly branched) immersion. The third component 
of the normal vector is given by = tanha;. The metric of the immersion is 
given by (8): 


dsx = cosh^culr^p 
where u is a solution of the sh-Gordon equation 

Aqoo = —2i^'M sinh(2a;)|(;/)|. 

Proof 

We deduce from the hypothesis that we can solve in / the equation {fwY = 
— (a o hYhyjhw (since is simply connected). Therefore the real function / is 
harmonic and the map X := (h, /) : > M x M is a conformal and minimal 

(possibly branched) immersion. Observe that X* := (h, —/) also dehnes a 
conformal and minimal (possibly branched) immersion into M x M, isometric 
to X with g* = —g and g* = —g. □ 

We denote by the Minkowski 3-space, that is equipped with the 
Lorentzian metric V = dx^ -\- dx^ — dx^ where {xi,X 2 ,xf) are the coordinates 
in We consider the hyperboloid TL in dehned by 

7i = {{xi,X 2 , xf) e R^’\ x\ + x\- xl = -1}, 

Ti has two connected components, we call the component for which xs > 1, 
we call TL- the other component. It is well-known that the restriction of V to 
is a regular metric z/_|_ and that (7i_|_, z/+) is isometric to the hyperbolic plane 
We dehne in the same way the metric V- on TL- and (7d_, z/_) is also isometric 
to the hyperbolic plane H^. Throughout this paper we always choose as model 
for the unit disc D equipped with the metric a‘^\dz\^ = |dxp. The 

isometries 11+ ; TL+ —D and n_ : TL- —D are given by 

Il+{xi, X 2 , xs) = W{xi,X 2 ,X 3 ) e TL+ 

I +X3 

Il-{xi,X 2 ,X 3 ) = , W{Xi,X 2 ,X 3 ) eTL- 

1- X3 

In fact n+ (resp. n_) is the stereographic projection from the south pole 
(0, 0, —1) G TL- (resp. from the north pole (0, 0,1) G TL+). Observe that in [1], 
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keeping the notations, 1^2 is the conjugate of the stereographic projection from 
the south pole, that is 'ip 2 = n+. 

Let C C be a connected and simply connected open subset with w = u + iv 
the coordinates on hi. An immersion X : hi —is said to be a spacelike 
immersion if for every point p G the restriction of 17 at the tangent space 
TpX([}) is a regular metric. In this work we only consider spacelike immersions. 
Let X : n —R^’^ be a spacelike immersion. For each p G there is a unique 
vector X(p) G 7i such that (X^j, X^, X)(p) is a positively oriented basis and 
X(p) is orthogonal to Xu{p) and X„(p). This defines a map N : fl ^ H called 
the Gauss map. 

We will make now some comments about an existence theorem of spacelike 
mean curvature one surfaces in Minkowski three space and their relation with 
harmonic maps, inferred by Akutagawa and Nishikawa [1]. 

Let h : n —D be a harmonic map, that is h satishes (1); 


hww T 


2h 


\h\ 


2 kyjhyj 


0 . 


We assume that neither h nor h is holomorphic. It is shown in [1] Theorem 6.1, 
that given such h there exists an (possibly branched) immersion X_|_ : hi —R^’^ 
such that the Gauss map is X+ = 11^^ o h, furthermore the mean curvature is 
constant and equals to 1 and the induced metric on G is 

A\hyj\ 


U: = 


(1-IW 


I dtcf. 


We give the correspondence between our notations and the notations of [1]: 
X+ = G and h = T 2 . The map X+ is unique up to a translation. In the same 
way there exists an unique up to a translation (possibly branched) immersion 
X_ : G —R^’^ such that the Gauss map is N_ = III^ o h, furthermore the mean 
curvature is constant and equals to 1 and the induced metric on G is 


u_ = 


(1-IW 


|dwp. 


with N_ = G and h = Ti Let us note that those two (branched) immersions 
are not isometric and that the Gauss map of X_|_ (resp. X_) takes values in 
(resp. 7i_). In this paper we are only concerned with the immersion X_|_. 


On account of the above discussion we deduce: 


Lemma 2. Let X = [h, f) : Q ^ M. x M. be a conformal immersion. Let 
N = (Xi,X 2 ,X 3 ) be the Gauss map of X. Let K (resp. K^xt) be the intrinsic 
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(resp. extrinsic) curvature of X. At last we denote by Km the Gauss curvature 
ofM. Then the Gauss equation of X reads as 

{Gauss Equation) K{w) — Kext{X{w)) = KM{h{w))N^{w), 

for each w E Q. 

Proof 

As usual z = X + iy is a local and conformal coordinate of M and t is the 
coordinate on R. We denote by R the tensor of curvature of M x R, that is 

R{A, B)C = VaVbC - XbVaC - 

for any vector helds A, 5, G on M x R where V is the Riemannian connection 
on M X R. 

As X is a conformal immersion the induced metric on G has the form ds\ = 
A^(tc)| dtc^l with A = {a o h){\hw\ + |h^|). The Gauss equation is 

K{w) - Kext{X{w)) = --(w), 

where ( ; ) is the scalar product on M x R, Xu = = (R-eh)„(9a; + {lmh)udy + 

fudt and so on. A tedious but straightforward computation shows that 

R{dx, dy)dx = - A log(a)(9y 
R{dx,dy)dy = A\og{a)dx 

R{dx,dx)d^ = R{dy,dy)d^ = 0 

R{dt,dG)d^ = R{d^,dt)d^ = R{d^,dG)dt = 0 , 

where (9* stands for any vector held among dx, dy or dt and A is the euclidean 
Laplacian. We deduce that 

{R{Xu,Xu)Xu,Xu) = -a^X\og{a){\hu,\^-\h4^f. 

Let us observe that Km = —X\og{a)/a‘^ therefore we deduce from equation (4) 
that As = (|hu,| — \ huj\)/{\hu, \ + \ huj\). Now using the expression of A we get the 
result, which concludes the proof. □ 

Notice that given a geodesic L C x {0}, the vertical cylinder C over L 
dehned by C := {{x,y,t); x + iy, t G R} C x R is a minimal surface with 
Gauss curvature K = 0. We now deduce the following. 

Corollary 3 . let X = {h, f) : fl ^ x M. be a conformal and minimal 

immersion. Let w E fl be such that K{w) = 0 where K stands for the Gauss 
curvature of X (that is the intrinsic curvature). 



Then the tangent plane of X{fl) at X{w) is vertical. Therefore if K = 0 then 
X(f2) is part of a vertical cylinder over a planar geodesic plane o/H^ x M, that 
is, there exists a geodesic T o/H^ x {t} such that X(f2) cT x R. 

Proof 

As M = we have A'm = ~1- Using the Gauss equation, see the lemma 2, 
we deduce that if K{w) = 0 at some point w E fl then 

W Ke.t{X{w)) = Ni{w). 

Recall that the extrinsic curvature Kext is the ratio between the determinants of 
the second and the first fundamental forms of X. Therefore as X is a minimal 
immersion we have Kext{X{w)) < 0 at any point w. Using (*) we obtain that 
Nf{w) = 0, that is the tangent plane is vertical at X{w). 

Furthermore, if iF = 0 we deduce that at each point the tangent plane is 
vertical. Using this fact we get that at any point X{w) the intersection of X(G) 
with the vertical plane at X{w) spanned by N{w) and dt is part of a vertical 
straight line. We deduce that there exists a planar curve F C x {0} such 
that X(G) C F X M. Again, as X is minimal we obtain that the curvature of F 
always vanishes, that is F is a geodesic of H^. □ 

3. Minimal immersions in M x M 

Next we suppose that M = or In case where M = we have 

a(z) = 1, if M = we consider the model of the unit disk D and then 
a{z) = 2/(1 — \z\‘^) for every G D. At last if M = we can choose among 
the coordinate charts given by the stereographic projections with respect to 
the north pole and the south pole, we have in both cases a{z) = 2/(1 + \z\‘^) for 
every G 

Theorem 4. Let fl C C be a simply connected open set and consider two 
isometric and conformal minimal immersions X,X* : G —M x M. Let us call 
h (resp. h*) the horizontal component of X (resp. X*). Assume that h and h* 
share the same Hopf guadratic differential. 

Then X and X* are egual up to an isometry o/ M x M. 

Proof 

Let us set X = [h, f) where h : Q ^ M. is the horizontal component and 
/ : G —R is the vertical component. In the same way let us set X* = {h*, f*). 
We will use the map g = —ie‘^~^^^ (resp. g* = —ie‘^ ) associated to h (resp. 

h*) dehned in the introduction and the one form g (resp. g*). As X and X* 
are isometric immersions we infer from (8): 



9 


Also as h and h* share the same Hopf quadratic differential Q = (fxiw'^ we have 




We deduce that we have 


W 1^71 = \9*\, 

or 

(**) 1^1 = \9*\~\ 

If case (**) happens we consider the new immersion X** : f2 —MxR defined by 
X** = {h*,f*). Now case (*) happens considering immersion X**, with datas 
9 ** = {g*)~^ and r]** = rj*. Note that X** and X are isometric immersions with 
same Hopf quadratic differential. Therefore, up to an isometry of M x R, we 
can assume that case (*) happens and ui = u*. 

Let us assume now that M = the case M = is similar and case M = R^ 
will be considered later. 

Let us consider the Minkowski 3-space R^’^. As h : is a harmonic 

map and H is simply connected it is known that there exists a CMC one (pos¬ 
sibly branched) immersion X : H R^’^ such that the Gauss map is H^^ o h. 
Furthermore the induced metric on is given by 

ds\ = ((a o h)jh^jf I dwp = e^‘^|0| | dtcp, 

see the Section 2 (Preliminar). Notice that 0 can vanish only at isolated points, 
so there exists a simply connected open subset H of fl, H C fl, such that X 
defines a regular immersion from V into R^’^ and ds% defines a regular metric. 

Furthermore we deduce from Theorem 3.4 of [1] that the second fundamental 
form of X is given uniquely in term of Q and ds%. To see this, observe first 
that, setting 0(X) := ^(buu — Kv —i‘^buv), we get from relation (3.12) of [1] that 

^{X) = {a ohfhwhy, = (p, ( 12 ) 

that is 0(X) dtc^ = Q{h). Pay attention to the fact that our conventions are 
not the same as in [1], for example following notation of [1] we have 
buu = ((<7 o h)\hw\)‘^ hii and so on, therefore 0(X) = ((a o h)\hw\)‘^ 0 where 0 is 
given in [1] that is 0 = |(hii — /i 22 — f 2 / 112 ). 
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Now using the fact that bun + Kv = 2 ((a o /^)|/^^^,|)^ (since the mean curvature 
is 1 ), we deduce that 

buu{X) = {{aoh)\h^\f+ ReQ{h)/dw^ = e^‘^\(i>\+Re(^ (13) 

b^^{X) = ((a o h)|/i^|)^ — Re (5(h)/dtc^ = — Re0 (14) 

buv{X) = —Im Q{h)/duP' = —Imcf) (15) 

In the same way there exists an unique (up to a translation) CMC one (pos¬ 
sibly branched) immersion X* : hi —such that the Gauss map is o h*. 

We can assume that X* dehnes a regular immersion on V. Notice that we have 
Q{h) = Q{h*) and identities (*) as well. We deduce from the former discussion 

that X and X* share the same induced metric on V and the same second fun¬ 
damental form. Therefore we infer with the fundamental theorem of geometry 

in Minkowski 3-space that X and X* are equal up to a positive isometry T in 

R^’^, that is X* = T oX. The restriction of T on dehnes an isometry 7 of 
and we get h* = 'j o h on V. By an argument of analyticity we have h* = 7 o h 
on the entire hi. 

Let us return to EP x R. As f* = i/^, in view of (3) we get that f* = ±f + c 
where c is a real constant. At last we obtain X* := {h*, /*) = ( 70 / 1 , ±/ -f c), 
that is X* and X differ from an isometry of x R. 

In the case where M = the proof is similar: we use the fact that any 
harmonic map from hi into is the Gauss map of an unique (up to a translation) 
CMC 1 (possibly branched) immersion into R^, see [ 8 ]. 

Finally let us consider the case where M = R^. Let {g,'r]) (resp. 
be the Weierstrass representation of X (resp. X*). Therefore X is given by 

X = g~^r] — I / gri,Re f As \g*\ = \g\, we deduce that there exists 

a real number 6 such that g* = e^^g. Furthermore we have g = ± 7 * since 
U'zP = (//)^ = —p- Finally we have {g*,g*) = {e^^g,±g) and we deduce that 
X* differ from X by an isometry of R2 xR, this concludes the proof. □ 

There is also an existence result of minimal immersion into M x R where 

Theorem 5. Let fl C C be a simply connected domain. Let ds"^ = A^(t(;)| dtcp 
be a conformal metric on fl and let Q = piw) dm he a holomorphic quadratic 
differential on fl with zeros (if any) of even order. Assume that M = or 

rt 
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Then there exists a conformal and minimal immersion X : M x M 

such that, setting X := {h,f), the Hopf quadratic form of h is Q (that is 
Q{h) = (fiw) and such that the induced metric ds\ is 

dsx = 

if and only if A satisfies A^ — 4|0| >0 and 

Aui = — 2 i^'Msinh 2 a;|(;/)| (16) 

where Km is the (constant) Gauss curvature o/M and 


oj := log 


A-^A2-4|0| 

2 


1 

2 


log 101 


Proof 

We first consider the case Km = — 1, that is M = Let us assume that A 
satishes (16). Consider the 2-form II := buudu^ + Tbuvdudv + b^^dv‘^ on where 
Kw buv and are given by: 

( buu + bvv = 2e^^|0| 

< Ku - bvv = 2Re(0) (17) 

[ buv= - lm( 0 ) 

The Gauss equation for the pair (e^‘^|0|| dtcp,//) in is: 

Au = —2 sinh(2a;)|0| 

and then it is satished. The Codazzi-Mainardi equations are also satisfied since 
0 is holomorphic. Therefore the fundamental theorem of geometry in R^’^ states 

that there exists an immersion X : G —R^’^ such that the induced metric on G 
is ds"^- = e^‘^1011 dtcp and the second fundamental form is II. Now the equations 

(17) show that the immersion has constant mean curvature one. 

Up to an isometry of R^’^ we can assume that the Gauss map N of X takes 
values in Therefore h := 11+ o iV : G —is a harmonic mapping such 

that its Hopf quadratic form is the same as X: Q{h) = 4>{X) dw'^, as we have 
seen in the proof of Theorem 4, see relation (12). By dehnition we have: 

~ 1 

Q{X) dw^ := -{buu - buv - i2buv) dw'^ = Q. 

Therefore we obtain Q{h) = Q. Moreover we have 

ds- = ((a o h)\huo\f I dw|^ 
and we deduce that e^‘^| 0 | = ((a o h)|/i^|)^. 
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Now we apply Proposition 1 which states that there exists a conformal and 
minimal immersion X = (h, /) : hi —x M, with induced metric: 

dsx = {(J^ o h){\hy,\ + \hy,\f \ dwp 

At last using the fact that ((joh)|/iu,| = |0|/((T o h)|/iu,| we easily compute that: 

o h){\hw\ + \hw\)^ = cosh^a;|0|| dwl^ = A^, 
that is ds\ = A^| dtcp as desired. 

Conversely suppose that such an immersion exists. Then we have by (see 

( 8 )): 

A^ = 4cosh^a;|0|| dtcp. 

A simple computation shows that we have: 


1 1 I hui 


1 , I hui 

or oj = 0 J 2 '■= - log 

^ I hyj 


The equation (16) is Bochner formula (10). This concludes the proof in case 
where M = 

If M = (and then Km = 1), the proof is analogous: we use the fact that 
for any constant mean curvature one immersion X : hi —its Gauss map 
X : fl —is harmonic and conversely any harmonic map from fl into is the 
Gauss map of an (possibly branched) immersion into with constant mean 
curvature one. 

If Xm = 0, that is M = assume first that u satisfies (16), that is a; is a 
harmonic function. As hi is simply connected, u is the real part of a holomorphic 
function ci; + on fl. We set: 


Tj := and g := — 

Let X = (h, /) : n —> X M be the conformal and minimal immersion given 
by the Weierstrass representation {gjf]). □ 

Observe that in case where Km = 0 the result can be encountered in [4], 
see the theorem in Section 10.2. We gave the proof for sake of completness. 
The cases Km = 1 and Km = — 1 were proved by B. Daniel in [3] using other 
methods. 


Definition 6. Let M be any riemannian surface. Let X, X* : D —M x R be 
two conformal minimal immersions and let us set X = [h, f) and X = {h*, /*). 

For any 0 G R we say that X and X* are 6- associate (or simply associate) if 
they are isometric immersions and if we have Q{h*) = e^'^^Q{h). That is X and 
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X* are associate if and only if we have 

{aoh){\hw\ + \h^\) = {croh*){\h*J + \h*^\) and {aoh*fhl,h*w = e^^^aohfhji^, 

where, in a local coordinate {z), the metric on M is given by dzl"^. In 

case where M = or we deduce from the theorem 4 that given a 

conformal minimal immersion X, the 6'-associate minimal immersion is uniquely 
determined up to an isometry of M x M. Furthermore if 6^ = 7r/2 we say that 
X and X* are conjugate. 

Remark 7. Two isometric immersions X and X^ are associate up to an 
isometry if = e *®?7 and by (8) \g^\ + \g^\~^ = \g\ + (or equivalently 

coshcn® = coshcnj. Then = oj or = —u. In particular X and X^ are 
associate if and only if N^i^X) = N^i^X*) or N^i^X) = —N^i^X*) (recall that 
N^{X) = tanhu) and = e^^g. 

In fact B. Daniel proved that the associate family always exists in x M and 
X M, see [3]. In this situation he gave an alternative dehnition of associate and 
conjugate isometric immersions which turn to be equivalent to our dehnition. 
We are going to give another proof of the existence of the associate family. 

Corollary 8 . Let X := {h, f) : Q ^ M. x M. be any conformal and minimal 
immersion where M = or Then for any 6* G M there exists a 

9 — associate immersion Xq := (he, /e) : D —M x R. Furthermore Xq = X 
and Xe is unique up to isometry o/M x R. 

Proof 

Let us set Q{h) = (l){w)dw^ and let ds\ be the conformal metric induced on D 
by X. We deduce from Theorem 5 that the pair {ds\, (f) satishes the condition 
(16). Therefore for any h G R the pair {ds\,e^'^^(j)) also satishes condition (16). 
Finally we infer with Theorem 5 that there exists a h-associate immersion, which 
concludes the proof. □ 


4. Minimal vertical graph 

In this section we study geometric properties of minimal graph and their asso¬ 
ciate family. Recall from the introduction that we introduce some ” Weierstrass” 
data for minimal surfaces {g, g) with g = —ie‘^~^^^ and g = —2i^/f). When X 
is a minimal surface of R^, then uj + if) is meromorphic. In the other case uj 
satisfy the sinh-Gordon equation (11). In the following Lemma, we determine 
how the function uj + if) deviate from to be meromorphic. We express same 
expression for associate family. In this case (remark 7), up to an isometry we 
have g^ = —and g^ = e *^?7 = u). Then we have: 
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Lemma 9. We consider a harmonic map h : Q ^ dz\‘^) with holomor- 

phic quadratic Hopf differential Q = 0(w)(dt(;)^ with zeros (if any) of even order 
and coefficient of dilatation a{z) = Thus we can define \/4> = 

and we identify a with a o h. Then 

{u + if!)u, = ^sinhc<;(— 

Corollary 10. If X = {h, f) is a minimal surface and is the 

associate family of X define in the Definition 6, we can define the map ui^ + i'ip^ 
and with the notation = a o h^ we have = oj and 


logo- 


e*’^) + i cosha;( 


a 


V logo- 


, ze 




a 


)] (18) 


{oj + izlj^)ij) = ^sinhci;( ^ i coshcc;( ^ 

Proof 

We compute tfu as a function of and -ip^ as a function of Uu- In complex 
coordinates w, using (6), (9) and assuming p = —2i\/fi we derive: 


hyj = -and hu, = - 


a 


while 


ht = 




and ht, = 


a 




a a 

Inserting these expressions in the harmonic equation (1) we obtain: 


(cn + =-cr - - 2{\og a)uhi, 

a 


(cn + ifj^)is = 




- 2{\oga^)uhi, 


Now note that 


-a I - I = (loga)iD 
a 


where 2 (log a) 
we obtain: 


= ((loga);jhiD + (loga)jhiD) 

(log(T)a; — i{\oga)y and hz = hz- Collecting these equations 


{U + ifi)yi = {\Og(j)zhyj - {\Og(T)zhyj. 


which is 
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(a; + iip)w = -(sinhci; (cos (log (t)^; + sin'^(log(T)j,) 

a 

+i cosh ui (cos (log (T)y — sin ip (log a) )) 

Since is isometric to X, we have = ui and the same equation applied to 
yields, 


(0; + #^)^ = (loga®)^h^ - (loga^)^/i^. 

gives 


(a; + iip )u, = 




a" 


(sinho; (cos'^®(log(T^)j^ + sin'^®(log(T^)j^) 


—i cosho; [cosip^{loga^)y — sin'^^(log(T^)y)) 


□ 

We consider the projection F : M x M — M x {0}, thus F o X = h. 
Now let us consider a curve 7 : [0, /] —hi C C parametrized by arclenght and 
y{t) = in n C C. We will compute in the following what are the curvature 
/c in M of the planar curves F o ^( 7 ) = h{'y) and F o X^{'j) = A such 

computation appears in [7] in the particular case where a = 0 and a = n/2: 

Proposition 11. If we consider a curve j in Q and the image h{'y)) and h^{'y) 
in M, then the curvature are 


KKl)) 


sin Q;a;„ — cos aci;^ + Gt 

2\p\X^R 


(19) 


where 


k{h\l)) 


sin aoju — cos aa;^, + Gf 
2\ppRR^ 


= cos(q; + P) cosho; + i sin(Q; + P) sinho; 


p Q'j cosho; + isin(Q; + P + 9) sinho; 


( 20 ) 


Proof 

We apply the formula ( 6 ) with g = —7 = —2i^/(pdz for X and = 
_ie‘^+i'ip^ and 7 ® = e *®?7 = —2ie^^\f(pdz. Let us recall a/0 = | 0 /Ae*/ 3 _ 
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dh^'y) 


dt 


dh{'-)) 

dt 


a 

2101 ^/^ 

a 

2 | 00 /^ 

a 


cosh(ci; + ia + 

(cos(q; + (3) cosh a; + i sin(Q; + (3) sinha;)e®^ 


dh\-i) 2100/2 




dt 


a 

2100/2 


a 


cosh(a; + iP + ia + i9)e 


cos(q; + (3 + 0) cosh a; + isin(Q; + (3 + 6) sinha;)e*’/* 


dt a 

If k is the curvature of a curve 7 in {U,a‘^{z) \ d 2 : 0 ) and is the Euclidean 
curvature in (f/, |(i ;2 0 ), we get by conformal change of the metric: 

(Vo', n) 

a (T^ 

where n is the Euclidean normal to the curve 7 such that (70 n) is positively 
oriented. If s denotes the arclength of /^(y) and the arclength of h^{'y), we 
have 


ke{h{'y)) = '4)s + Gs = 


a 


(cos atl^u + sin a 0 „) + Gg 


2|00/2i?' 

We consider the euclidean normal of h{'y) (resp h^{'j)) given by 

gip 

n = {— sin(Q; + 0) sinhcu + i cos(q; + 0) coshcu) — 

R 

= (— sin(Q; + 0 + 6^) sinh u + i cos(q; + 0 + 0) cosh u) ■ 


and 


3+ 

w 


(Vo^ = (yio£^ ^ + 




a 


R 


a 


, cosh a; ,V log a . 

+ cos(a + 0 )——(- iG^) 


( 21 ) 


R ' a 

Using the Lemma 9, we express 0„ in terms of and in terms of Uu by 
using formula (18) in ( 21 ), we deduce 
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^Ijs {Va,n) sin — cos acUt, 

a 2\(j)\^/‘^R 

The same computation with yields 

(y ^n) sin acUu — cos aci;^ 

^ ^ 2 | 0 |V 2 i ?0 

This concludes the proof of the proposition since Gg = ■ □ 

Now we prove the generalization of the Krust’s theorem for minimal vertical 
graph and associate family surfaces. Let U C M be an open set and f{z) a 
smooth function on U. We say that G is a vertical graph in M x M if G = 
{{z,t) E M. X R-jt = f{z), z E U}. The graph is an entire vertical graph if G = 

M. 

Theorem 12. If we consider a minimal graph X(r2) on a convex domain h(f2) 
in M, then the associate surface is a graph under the assumption that 

the curvature Km < 0. 

When Km = 0 it is a result of Romain Krust (see [ 6 ], page 188 and application 
therein). 

Proof 

The proof is a direct application of Gauss-Bonnet theorem with the fact 
that u is without zero {X is a vertical graph). If we consider a smooth piece 
of embedded curve T in M with end points pi and p 2 , then if pi = p 2 , L is 
enclosing a region A and: 


KMdVfj -\- 


k{s)ds + a = 271 


J A Jr 

where a is the exterior angle at pi = p 2 . Since T is embedded we have a < tt. 
The Gauss Bonnet formula above gives us that in the case where Km < 0: 


TT > a > 2% — 


kds. 


Jr 

Now, if we assume that X®(G) is not a graph, there exist two points pi and p 2 
two points of G with h^{pi) = h^{p 2 )- Since h{kl) is convex, there is a geodesic 
in h{VL) which can be lift by a path 7 in G. In summary, we assume that the 
curve 7(t), t E [0,/] is parametrized by euclidean arclength, 7'(t) = e*", h(7) is 
a piece of a geodesic of M, pi and p2 are the end points of 7 and h^{pi) = h^{p2)- 
We assume that h®( 7 ) is a closed embedded curve. If not, we can consider a 
subarc of 7 with end points p'l and p' 2 , with an image by h^ smooth, embedded 
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and h^ip'i) = In the case where this subarc embedded doesn’t exist, 

then it is meaning that all points are double, like a path where we go and back 
after an interior end point q. At q, h^{'y) is not immersed. The derivative is nul 
and then the tangent plane of is vertical. Then u would have an interior 
zero (a contradiction with the vertical graph assumption). 

We will apply the formula of Gauss-Bonnet and we will prove that kds* < 

n under the hypothesis that /^(y) is a geodesic. It will provide a contradiction 
with a < 71 and then the horizontal curve cannot be closed and embedded. 

If h{'y) is a geodesic, then by the formula (19) of the previous proposition 11, 
we have sin aoju — cos au^ + Gt = 0- Thus 


Since ds* = we have 


G O 

t — 



^G\l) - G{1)) - {G\0) - G(0)) 


Now, we remark with a direct computation of the real and imaginary part of 


that 


i(G®-G) cos(q;- f/5-|-0) coshcn-|-i sin(Q;-|-/5 + 6*) sinhcn 
R cos(q;- f/5) coshcn-f i sin(a-f/5) sinhcn 


tan(G'^(t) — G{t)) 


sinh(2a;) sin6' 

2 cos 6R^ — sin 6 sin 2 (q; -f (3) 


Since X is a graph u is without interior zero, and then sinh(2ci;) sin0 cannot 
be zero for 6 G ( 0 , 7 r/ 2 ]. It implies that G^{t) — G{t) G [ 0 , 7 r]. □ 

The example 13 below prove that the conjugate surface of an entire graph in 
X R is a graph (by our theorem 12) but it is not necessary entire. In this 
direction we give the following criterion in x R: 

Theorem 13. Let X : x R &e an entire vertieal graph on Then 

on any divergent path 7 of finite euelidean lenght in D 


\4>\^^‘^dt < 


00 


then the eonjugate graph X* is an entire graph. 


Proof 
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Recall that f + if* = —2i is holomorphic. We consider 7 (t) a divergent 

path in and ^( 7 ) = F its image in the graph (recall that j'(t) = e*“)). Since 
X is a proper map, the length of F is inhnite in X and 

£(F) = f 2 cosha;|0|^/^(it = cx) (22) 

J'y 

Now we prove that the length of h* o 7 is inhnite which prove the theorem. 
If X* is not entire, one can hnd a diverging curve in with h* o 7 of hnite 
length. Now let us compute 

£(r 07 ) = f 2\(l>\^/^R*dt 

J-y 

where R*^ = sin^(Q; + P) cosh^cn + cos^(q; + P) sinh^cn (recall R* = Now 

we remark that 


R*^ = cosh^cn — cos^(q; + P). 
Then, using (22), and the hypothesis we have 


£(r 07 ) =i(T) 


cos(q; + p)\\p\^/^dt = 00 . 


□ 


5. Examples 

Example 14. Let us consider the Scherk type surface in x M invariant by 
hyperbolic translations. It is a complete minimal graph over a non-bounded 
domain in dehned by a complete geodesic 7 in x {0}. The graph takes 
±cx) value on 7 and 0 value on the asymptotic boundary. In the half plane 
model of = {(x, y) G y > 0 }, there is a nice formula for the graph: 

Vx^ + y^ + y\ 

- , y>0,x>0 

X I 

The Scherk’s conjugate minimal surface in x M (see Theorem 4.2 of [12]) 
is given by the equation: t = x. It is invariant by parabolic screw-motions. It is 
a whole graph over H^. The second and third authors proved that in x M, a 
catenoid is conjugate to a helicoid of pitch £ < 1, see [14]. Surprisingly, a helicoid 
of pitch £ = 1 is conjugate to a surface invariant by parabolic translations, see 
[3] or [12]. Furthermore any helicoid with pitch £ > 1 is conjugate to a minimal 
surface invariant by hyperbolic translations, see [ 12 ]. 
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Remark 15. Assume that M = and let us consider X, X* : 12 —x M two 
conformal minimal immersions. Let {g,ri) (resp. {g*,ri*)) be the Weierstrass 
representation of X (resp. X*). We know that X and X* are associate in the 
usual meaning, that is in the Euclidean space R^, if and only if g* = g and 
7]* = e *®?7 for a real number 9. Let us set X = {h, f) and X* = {h*, f*). Since 
Q{h) = —we see that if X and X* are associate in the usual meaning then 
there are associate in the meaning of definition 6. Conversely, assume that X 
and X* are associate in the sense of definition 6, so we have rj* = ±77 and 
\g*\ = \g\ or \g*\ = l/\g\. Therefore there exists an isometry T o/R^ such that 
X and r o X* are associate in the usual meaning. 

For example the Weierstrass representations {g,rf) and {e^^g,e^^ri) for 9 ^ 
2k7i, k E Z, are associate in the sense of definition 6 but are not in the usual 
sense. 

Therefore, m R^ x R the two notions of associate minimal immersions are 
only eguivalent up to an isometry ofMf x R. 

It is known that any two isometric conformal minimal immersions in R^ are 
associate up to an isometry. Also, it is shown in [14] that any two isometric screw 
motion minimal complete immersions in x R are associate. The following 
example shows that this is no longer true for any isometric immersions in x R. 

Example 16. It is given in [14] an example of complete minimal surface in 
X R with intrinsic curvature constant and equals to —1, K = —1. Namely 
in (48) of Corollary 21 of [14] we set, keeping the notations, R = 0, I = m = 1, 
d is any positive real number, d > 0. Therefore Ufs) = Vl + cosh(s), s G R. 
Consequently from Theorem 19 in [14] we obtain (see (33), (36) and (37)) 

p{s) = arcosh( Vl + cosh s) 

X{p{s)) = dj 

U(sw\s)-lC 

Now let us consider the map T : R^ —x R dehned for every (s, r) G R^ 
by 

T(s, r) = (tanh(p(s)/2) cos<p(s, r), tanh(p(s)/2) sin(p(s, r), A(p(s)) + (p{s, r)), 

It is shown that T is a regular minimal embedding with induced metric 
= ds"^ + U‘^{s)dT‘^ = ds^ + (1 + d^) cosh^(s)dr^. 
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A straightforward computation shows that the intrinsic curvature is given by 
K = —U''/U. Therefore we have K = —1. By construction the surface T(M^) 
is invariant by screw motions. The immersion T is not conformal but setting 
r := f (l/[/(s))ds the new coordinates (r, r) are conformal, that is the immer¬ 
sion T{r,T) := T{s,t) is conformal. Thus the surface T(R^) is isometric to 
the hyperbolic plane {]D>,a‘^{z)\dz\‘^), that is there exists a conformal minimal 
immersion X : D —x R such that the induced metric on D is the hyperbolic 
one and X(ro) = T(R^). Clearly the canonical immersion Y : D —x R 
dehned by Y[z) = {z, 0) is isometric to X. According to the remark 7, we 
deduce that X and Y are not associate since the third component of the Gauss 
map of X never is equal to ±1 as it is the case for Y. 

Let us observe that in [7] it can be found other examples of complete minimal 
surfaces in x R with intrinsic curvature equal to —1. 


Remark 17. The second author has constructed in [12] new families of com¬ 
plete minimal immersions m x R invariant by parabolic or hyperbolic screw 
motions. It is shown (see Theorem f.l) that any two minimal isometric para¬ 
bolic screw motion immersions into x R are associate. However this is no 
longer true for hyperbolic screw motion immersions: there exist isometric min¬ 
imal hyperbolic screw motion immersions into x R which are not associate, 
see Theorem 4-2. 
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